We study a cyclic Leibniz rule, which provides a systematic approach to lattice supersymmetry, using a numerical method with a transfer matrix. The computation is carried out in N = 2 supersymmetric quantum mechanics with the φ 6 -interaction for weak and strong couplings. The computed energy spectra and supersymmetric Ward-Takahashi identities are compared with those obtained from another lattice action. We find that a model with the cyclic Leibniz rule behaves similarly to the continuum theory compared with the other lattice action.
I. INTRODUCTION
The difficulty in lattice supersymmetry (SUSY) is originated from the lack of Leibniz rule [1] . Since any local lattice difference operator does not obey Leibniz rule [2, 3] , it is difficult to realize the full SUSY within a local lattice theory [1, [4] [5] [6] . Several approaches in which part of SUSY is kept on the lattice and the full symmetry is restored at the continuum limit have been proposed so far [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Those are, however, the same in a sense that, without getting into details about the algebraic structure of a lattice Leibniz rule, nilpotent SUSY are realized on the lattice in various ways. The deep understanding of the lattice Leibniz rule could help us to define a lattice model naturally keeping as many symmetries as possible and to study higher dimensional SUSY theories without fine tunings, or with less fine tunings.
In Ref. [21] , another type of the lattice Leibniz rule was proposed in N = 2 SUSY quantum mechanics (QM) [22, 23] , which keeps a part of symmetries exactly. The indices of the new rule appear cyclically 4 and we refer to it as a cyclic Leibniz rule (CLR) in this paper as well as the authors of Ref. [21] did. The CLR has many solutions and the general solution for a symmetric difference operator has been studied in Ref. [24] . N = 4 SUSY QM and N = 2 SYK model are also defined on the lattice such that the half SUSY is exactly kept [25, 26] . For those models, the exact invariance of half symmetry naturally leads to the CLR although there is another lattice formulation with an exact symmetry in N = 2 SUSY QM [8] . Furthermore a kind of non-renormalization theorem holds for the CLR action of the N = 4 case such that any finite correction to the F-term is prohibited [25] . We can say that the CLR keeps various natural properties of SUSY at a perturbative level, however its non-perturbative property which will be important to extend the CLR formulations to higher dimensions is still unknown.
In this paper, we propose a lattice action with the CLR for a backward difference operator and study its non-perturbative property using numerical computations. We present a solution of the CLR for any interaction term. Numerical computations are carried out for the φ 6 -interaction for which SUSY is unbroken. We do not employ the standard Monte-Carlo method used in previous studies of SUSY QM [8, 17, [27] [28] [29] but a direct computational method on the basis of a transfer matrix [30, 31] , see also [32] [33] [34] [35] [36] for related numerical methods. The obtained energy spectra show that the cut-off dependence of the CLR action 4 The difference between the standard Leibniz rule and the cyclic Leibniz rule is shown in section III A.
See (33) and (34) for the expressions as a product rule.
is smaller than another lattice action defined by Catterall and Gregory (CG) in Ref. [8] . Numerical results of the SUSY Ward-Takahashi identities (WTIs) also tell us that full symmetry is restored more rapidly than the CG action for the weak and strong couplings.
This paper is organized as follows. In section II, we introduce the continuum and the lattice theories of N = 2 SUSY QM. The continuum theory is given in the Euclidean path integral formulation in section II A and the lattice theory is introduced in section II B. The CG lattice action is then presented in section II C. We formulate the CLR for the backward difference operator showing a solution for any superpotential and mention a relation between the CLR and the standard Leibniz rule in section III. Section IV presents the numerical results. In section IV A, we briefly explain the computational method based on the transfer matrix [30] . Then, using computational parameters given in section IV B,
we show the numerical results of energy spectra in section IV C and those of SUSY WTIs in section IV D. We summarize in section V. Appendix A is devoted to study more about the CLR and appendix B shows the results of weak coupling expansion of several lattice actions.
II. SUSY QM AND THE LATTICE THEORY N = 2 supersymmetric quantum mechanics is defined in the Euclidean path integral formulation according to [22, 23, 37] . We then present a naive lattice approach to SUSY QM and introduce a known improved lattice action [8] .
A. N=2 SUSY QM
With an euclidean time t, the action of N = 2 SUSY QM is given by
where φ(t) is a real bosonic variable andψ(t), ψ(t) are one-component fermionic variables.
Those variables satisfy the periodic boundary condition such as φ(β) = φ(0). The superpotential W (φ) is any function of φ, which determines the physical behavior of this model.
The partition function is defined as
which is the path integral form of the Witten index.
The classical action is invariant under two SUSY transformations,
where ǫ andǭ are global Grassmann parameters. The Leibniz rule is needed to show that the action (1) is invariant under these transformations.
The Witten index ∆ is defined by
with the quantum Hamiltonian,
whereq andp are the position and momentum operator andψ † andψ are the creation and annihilation operators, which satisfy [p,q] = −i and {ψ,ψ † } = 1. HereF ≡ψ †ψ is the fermion number operator. The trace is a summation over all possible normalized states of the system.
We can also write
W ′ (q) are the Hamiltonians of bosonic (−) and fermionic (+) sectors, respectively. The Witten index does not depend on β because all non-zero eigenmodes inĤ ± form pairs and only β-independent zero modes contribute to ∆. It is well-known that ∆ is zero (non-zero) when SUSY is broken (unbroken) in this model. We study a SUSY unbroken case with ∆ = 1, given by W (φ) ≃ λφ 3 for |φ| → ∞ in this paper.
B. Lattice theory
The lattice theory is defined on a lattice whose coordinate is given by t = na (n ∈ Z).
Lattice bosonic and fermionic variables, which live on the sites, are expressed as φ n and ψ n , respectively. It is assumed that all variables satisfy the periodic boundary condition,
where N is the lattice size with β = Na.
The difference operator ∇ acts on a lattice variable ϕ n as ∇ϕ n ≡ m ∇ nm ϕ m and its transpose is (∇ T ) nm ≡ ∇ mn . Throughout this paper, ∇ + and ∇ − denote a simple forward and a backward difference operator, respectively:
Note that (∇ + )
The partition function with a lattice action S is defined by
where
Here each Grassmann measure is an anti-commuting derivative as dψ n ≡ ∂/∂ψ n and dψ n ≡ ∂/∂ψ n .
We now consider a naive lattice action,
which is obtained by replacing φ(t), ψ(t),ψ(t) and ∂ t of (1) by the corresponding lattice variables φ n , ψ n ,ψ n and ∇ − and replacing the integral by the summation over lattice site.
This action is not invariant under a naive lattice SUSY transformation defined by the same replacement of the variables for (3).
SUSY which is broken at O(a) in (13) is classically restored in the continuum limit a → 0, however such a restoration does not occur at the quantum level. As seen in later sections, modifying O(a) interactions of the lattice action, we can keep only either one of two SUSY transformations parametrized by ǫ andǭ at a finite lattice spacing, and SUSY is restored in the quantum continuum limit for such a lattice model.
C. Catterall-Gregory lattice model
Before discussing the CLR, we review a lattice action proposed by Catterall and Gregory [8] :
where ∇ − is the backward difference operator defined in (9) . Note that the added term is a kind of surface term which vanishes in the naive continuum limit.
We can show that, in the free limit given by W (φ) = maφ, S CG is invariant under the lattice SUSY transformations,
For interacting cases, it is not invariant under the whole transformations (15) but invariant under part of SUSY, δ ǫ = δ|ǭ =0 :
This is because the extra term of R.H.S. in (14) provides −δ ǫ S naive for any finite lattice spacing. The remainingǭ symmetry in (15) is restored in the quantum continuum limit as shown in Refs. [8, 17, 27, 30] and also in section IV D of this paper.
III. CYCLIC LEIBNIZ RULE FOR BACKWARD DIFFERENCE OPERATOR
We propose an alternative lattice action with the cyclic Leibniz rule (CLR) for the backward difference operator and show a solution of the CLR for any superpotential. It is straightforward to extend the results to the case of the forward difference operator.
A. Lattice action with the CLR
The CLR for the symmetric difference operator is proposed in Ref. [21] . As an straightforward extension of Ref. [21] , we introduce a lattice action with the CLR for the backward operator: . We now assume that W n satisfies the CLR,
As explained in the next section, a desirable local solution is
The lattice action (17) classically reproduces the continuum
The importance of CLR is understood by considering a half lattice SUSY transformation,
The lattice action (17) with any solution of (18) is invariant under (20) because
which vanishes as long as W n satisfies the CLR (18) .
The other half transformation of N = 2 is broken on the lattice in general, which is restored at the continuum limit as seen in section IV D. However, in the free theory, it still remains as an exact symmetry because the free lattice action with the solution (19) is invariant under
5 Note that W n = W (φ n ) in general because W n may contain φ m with m = n as long as the correlation rapidly vanishes for |m − n| → ∞. See (A5) of appendix A 2 for the strict definition of the locality condition.
Note that W n+1 is used in δǭψ n instead of W n . We can actually show that
Although we have X n = 0 from the CLR, Y nm and Z nmk do not vanish for a generic superpotential. However, for the free theory with the solution (19) ,
it is easy to show that Y mn , Z nmk and (24) vanish.
B. A solution of CLR for the backward difference operators
We show that (19) is a local and well-defined solution of (18) for a generic superpotential.
Once the solution is given, the lattice CLR action retains an exact SUSY as seen in the previous section.
Let us first consider the free theory. For the backward operator (a∇ − ) nm = δ nm − δ n−1,m , we take an ansatz solution within the nearest neighbor interactions,
is a solution of (18), for which (26) is obtained.
It is not easy to apply such a straightforward way to a generic superpotential. We derive another representation of (18) to find a solution. Rescaling φ n of (18) as uφ n with a parameter u ∈ [0, 1] and using the chain rule for ∂ u , we obtain
Integrating (27) from u = 0 to u = 1, we find a condition that means a vanishing surface term,
This condition is equivalent to (18) because (18) can also be derived from (28) differentiating (28) with respect to φ m .
The relation (28) is easily solved by a local function (19) . All we have to do is check whether or not W n given by (19) is a well-defined function that coincides with W (φ n ) as a → 0. By integrating ∂ u U(φ n − ua∇ − φ n ) from u = 0 to u = 1 and using the chain rule for
The division in (19) is well-defined because the integral of R.H.S. is well-defined for any configuration of φ m . Since the integral is W (φ n ) up to O(a), we can immediately show that
The difference between the CLR and the standard Leibniz rule (LR) is discussed here. In
for W n that is a local function of bosonic variables. Here we again use W ′ nm ≡ ∂W n /∂φ m . We find that the CLR is different from LR in general since CLR :
Note that W ′ in the second term is transposed.
The CLR coincides with LR if
, which corresponds to the case that the lattice action is invariant under both of two SUSY transformations [21] . However, the no-go theorem [2] tells us that LR does not hold for any difference operator and any interacting cases with keeping the locality principle. It is therefore difficult to realize the full SUSY transformation exactly on the lattice. The CLR cannot be realized with a non-trivial solution in this case.
The similar argument holds for the backward difference operator ∇ − . Suppose that W n is a solution of the CLR and δǭS = 0. Using
, we can show that the CLR coincides with LR for ∇ + since ∇
The no-go theorem again tells us that one cannot find a solution of the CLR so that the lattice action (17) is invariant under both of δ ǫ and δǭ.
The lattice rules (30) and (31) can also be expressed as a product rule of lattice variables.
As an example, let us consider a lattice superpotential,
as a discretization of W e.g. (φ(x)) = φ 2 (x). Then the (two-body) LR can be expressed as
while the (two-body) CLR is
The name of cyclic Leibniz rule comes from a cyclicity of the indices a, b, c. In appendix A, an explicit solution for the m-body CLR is also given.
IV. NUMERICAL RESULTS
Numerical computation is carried out for the CLR action (17) with the periodic boundary conditions for the superpotential,
where λ is the dimensionless coupling constant and m is the mass. Supersymmetry is kept unbroken since the Witten index is nonzero for this potential. The energy spectra and the SUSY Ward Takahashi identities are evaluated at two coupling constants λ = 0.001 (weak) and λ = 1 (strong). We compare the results with those obtained from the CG action (14) to understand the dependence of the results on the lattice spacing.
A. Numerical methods
We begin with giving the CLR lattice action used in the actual computations:
As shown in section III A, the action (36) is invariant under a single SUSY transformation (20) thanks to the CLR (18) .
The partition function and the correlation functions are expressed in terms of transfer matrices. It it straightforward to show that, integrating out the fermionic variables, the partition function (10) with (36) is given as
Note that A αβ and L αβ are infinite dimensional matrices since α, β ∈ R.
In order to define finite dimensional matrices, each path integral measure of (39) is discretized by the Gauss-Hermite quadrature. For a function f (x), the Gauss-Hermite quadrature formula is given by an approximation of the integral:
where S K is a set of roots of K-th Hermite polynomial H K and the weight g K (x) is
Since K is the order of the approximation, the sum of (42) is expected to reproduce the integral of L.H.S. as K → ∞.
We can express Z P using finite dimensional matrices T ± as
discretizing all path integral measures (11) by the quadrature:
Here, for α, β ∈ S K ,
A comparison with (6) tells us that T − and T + are a bosonic and fermionic transfer matrix, respectively. The trace of (44) means
where X αβ is a matrix with α, β ∈ S K .
Similarly, any correlation function is given in terms of the transfer matrices. We basically follow Ref. [30] to derive the expressions. The two point correlation function of the bosonic variable is
for 0 ≤ j ≤ k ≤ N. Here D represents an operator insertion, which is defined as
The boson two-point function is exactly the same formula as that of the CG action [30] . On the other hand, the fermion two-point function is slightly different:
for 0 ≤ j ≤ k ≤ N.
6
The transfer matrices T ± can be improved by rescaling the bosonic variables before the discretization of the measures. According to Ref. [30] , applying the quadrature after rescaling
6 The formula for the CG action given in [30] is reproduced because T + = R in the case.
αβ ≡ L α(s) β(s) with α(s) ≡ α/s and β(s) ≡ β/s. The partition function and the correlation functions are then given by the same formulas as (44), (50) and (52) with T (s) ± and R (s) instead of T ± and R. The operator insertion D is also replaced by
The trace is still given by (49). We can obtain computational results with a high precision by tuning the rescaling parameter s such that the Witten index Z P = 1 is realized as accurate as possible. Table I shows the parameters used in our computations of the CLR action. We employ two representative coupling constants, λ = 0.001 as a weak coupling and λ = 1 as a strong coupling. The rescaling parameter s should be tuned for each parameter set such that the
B. Computational parameters
Witten index Z P = 1 is reproduced as accurate as possible, as done in Ref. [30] . The matrix sizes K used for the SUSY WTI are smaller than those for the mass spectra to reduce the computational cost. This is because the SUSY WTIs are evaluated by performing the direct matrix product several times while the mass spectra are evaluated by diagonalizing T ± once.
Similarly, we use the same lattice sizes with a slightly different s for the CG action.
We take mβ = 30 that is large enough to obtain the numerical results with a negligible finite β effect because e −βE 1 < O(10 −13 ) for the first excited energy E 1 /m ≥ 1. The lattice spacing is shown as rounded numbers, which is uniquely determined from the lattice size Figure 1 shows the results of Z P against β for several s. Although Z P is analytically shown to be unity even on the lattice [21] , the numerical results depend on β. The deviations from Z P = 1 are systematic errors which come from the finite K-effect. We can decrease the errors tuning s for fixed K. We find that s = 0.68 leads to |Z P − 1| < O(10 −9 ) for K = 150
in the case of ma = 0.01 and λ = 1. Each parameter has a different value of s so that Z P = 1 is realized within O(10 −9 ) as shown in Table I . 
C. Energy spectra
The energy spectra of lattice SUSY quantum mechanics are read from two transfer matrices T ± associated with two HamiltoniansĤ ± as T ± ≈ e −aĤ ± . The energy eigenvalues of the bosonic and fermionic states E B n and E F n are thus obtained from the n-th eigenvalue of T ± : (T − ) n = e −aE B n and (T + ) n = e −aE F n . We use numerical diagonalizations of T ± to evaluate (T ± ) n . The non-zero eigenvalues are degenerate betweenĤ + andĤ − and onlyĤ − has a zero mode for the superpotential (35) . We expect that T ± have the same spectra even on the lattice thanks to the exact SUSY. Table II difference between E B n and E F n are sufficiently smaller than the systematic errors from finite K effect, we plotted only E F n as E n in the figure. As we can see, the cut-off dependence of the CLR action is milder than that of CG action. Tables III and IV show the fit results of the lowest five energy eigenvalues for the CLR and CG actions, respectively. For the continuum extrapolation, we employ a quadratic polynomial,
Weak coupling results
Two actions reproduce the same a 0 , which is E n /m at the continuum limit, within the errors.
The CLR action behaves rather similar to the continuum theory in comparison with the CG action as suggested from small values of a 1 .
The weak coupling expansion of the first excited energy is demonstrated in appendix B, in which the quantum corrections to the masses are evaluated from the correlation functions.
We find that, for
, the one-loop result of the CLR action is while one of the CG action is
Both one-loop results coincide with one of the continuum theory, E cont /m = 1 + Figure 4 shows the lowest five energy eigenvalues against ma for λ = 1. We also show Tables VI and VII show the fit results of E n with a quadratic function (56). The same a 0
which is E/m in the continuum limit are obtained between the CLR and CG actions. As a visible difference between Figure 2 and Figure 4 can be seen, the coefficients a 1 and a 2 are systematically larger than those for the weak coupling, which are shown in Tables III and IV . In the strong coupling region, we can confirm that the O(a) dependence of E 1 obtained for the CLR action is still smaller than that of the CG action. Tables VI and VII . 
D. SUSY WT identities
The CLR action has an exact SUSY parametrized by ǫ in (20) while the otherǭ SUSY is broken at finite lattice spacing for any interacting case. The correct mass spectra shown in (4) 31 (1) 58 (5) 95 (5) TABLE VII. Fit results of E n for the CG action with λ = 1. the previous section imply that the brokenǭ symmetry is restored in the continuum limit.
Testing the SUSY WTIs, we study the restoration of the full SUSY.
To this end, we first define the SUSY WTIs on the lattice. The brokenǭ transformation cannot be uniquely defined on the lattice because one can add several terms that vanish in the continuum limit to the transformation. Here, for the CLR action, we employ (23) as a latticeǭ transformation, which is an exact symmetry in the free theory. Correspondingly, we use (15) for the CG action, whoseǭ-transformation is exactly kept in the free case of (14) .
We can show that
for the CLR action. For the CG action, W N and W n+1 of (60) and (61) are replaced by W (φ N ) and W (φ n ), respectively. The second term ofR n is actually found as (∇ + φ) n φ N which can be written as the same form as the second term of R n using the translational invariance. Note that the third term is the only difference between R n andR n .
For any interacting case, we have R n = 0 since the ǫ-transformation is an exact symmetry of the lattice actions. However,R n does not vanish at any finite lattice spacing for the interacting cases even if it vanishes for the free theory. If theǭ-symmetry is restored at a quantum continuum limit,R n should approach zero as a → 0. We evaluateR n numerically to confirm whether the second SUSY WTI is restored in the continuum limit or not, as already done for the CG action in Ref. [17] . 
for 1 ≪ n ≪ N. Here C and D are some constants that depend on the lattice spacing.
Similarly, using the translational invariance, the other correlation functions in R n andR n are expected to be
for 1 ≪ n ≪ N. Here C 1 = C(1 − e −aE 1 )/a and C 2 , C 3 are some constants that depend on the lattice spacing. Note that it is possible to ignore the contribution from the second excited state for 1 ≪ n ≪ N. We can immediately show that
from R n = 0 and the second WTI holds if and only if C 2 → C 3 as a → 0. Since each term of R n andR n is very small for n ≃ N/2, we normalize them to observe the effect of the breaking term clearly:
Note again that W N and W n+1 of (68) and (69) are replaced by W (φ N ) and W (φ n ), respectively, for the CG action. It is immediately found that S n = 0 for any n since R n = 0. The asymptotic behavior ofS n can be understood from (63), (64) and (66). For sufficiently large N, it can be shown thatS n behaves as constants:
and
We have
when C 2 and C 3 have the same sign. The similar identities as (70), (71) and (72) hold for the CG action.
In Figure 9 and Figure 10 , S n andS n are plotted against n. As we expected, S n vanishes as numerical results whileS n has two plateaux corresponding to h 1 and h 2 . We should note that the scale of the y-axis for the CLR action is rather smaller than that of the CG action.
The value ofS n rapidly changes from h 1 to h 2 around n = N/2 as a result of the cancellation of three correlation functions.
-2.5x10 Table VIII for the convenience of further studies. Figure 12 shows the same plot for λ = 0.001. We evaluate h 1 and h 2 at n = N/5 and n = 4N/5, respectively.
It can be seen that h 1 and h 2 approach zero as a → 0. Consequently, the second SUSY WTI holds in the continuum limit, that is, full SUSY is restored in the quantum continuum limit at low energy region 1 ≪ n ≪ N. The breaking effect h 1 and h 2 of the CLR action are significantly smaller than the CG action even for the strong coupling. Thus we can conclude that the CLR shows a good behavior that is similar to the continuum theory at a non-perturbative level. behavior.
In the N = 4 case with the CLR, the number of exact SUSY is greater than the other lattice formulation. We can expect that a lattice theory with the CLR is highly improved and behaves much similar to the continuum theory. The results shown in this paper could be useful to construct the SUSY action with a modified Leibniz rule in higher dimensions.
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defined as
where C and ρ > 0 are some positive constants for k = 1, . . . , ℓ. The summation in (A4) is well-defined because it is absolutely convergent for (A5).
The CLR in (18) is shown to be
which is referred to as m-body CLR. It is easy to show that (A6) is equivalent to (18) . We should note that the indices k, n 1 , n 2 , · · · , n m cyclically appear in (A6). This is the reason why we called (18) the cyclic Leibniz rule.
The solutions of the m-body CLR for the backward difference operator can be read from (19) using
and so on. The weak coupling expansion of the first excited energy are presented at one-loop order for the naive, the CG and the CLR actions. We perform the lattice perturbation theory on the infinite volume lattice. The first excited energy are evaluated as effective masses obtained from the two-point correlation functions. In this section, we assume m > 0 and basically take a = 1 except for final results of the effective masses.
Perturbative calculation on the infinite volume lattice
The free part of a lattice action S can be expressed in the momentum space as
where D 0 (p) and S 0 (p) are bare propagators of the boson and the fermion, respectively.
The concrete form of D 0 (p) and S 0 (p), which depends on S free , are obtained by the Fourier transformation for a lattice variable ϕ n :
with a useful identity δ n0 = π −π dp 2π
The two-point correlation functions are defined as 
The naive action
We begin with the case of the naive action (13) whose D 0 (p) and S 0 (p) are given by
The free boson propagator in the position space is evaluated from (B4):
for z = e ip . It is easily shown that 
and θ k,l is given by (B11).
At one-loop level, the boson and fermion self energies are obtained as 
We should note that E B 1 is different from E F 1 even in the continuum limit ma → 0 as a result of the one-loop effect although they coincide with each other at the tree level with λ = 0. 
at the tree level.
The self energies are calculated at the one-loop level as
Σ(p) = ∆m,
where ∆m ≡ 3λm 2 + m .
These give the same correction to the boson mass and the fermion mass up to O(λ). The one-loop effective masses are evaluated from (B25) with m + ∆m. We thus obtain that
for 
which are degenerated between the boson and the fermion.
The one-loop self energies are given by
Σ(p) = ∆m
where ∆m = λm(m + 6) 2(m + 2) .
The one-loop effective masses are read from (B32) with m + ∆m. 
owing to an exact SUSY.
